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ABSTRACT
For an arbitrary group G, it is shown that either the semigroup rank GrkS equals
the group rank GrkG, or GrkS = GrkG + 1. This is the starting point for the rest of
the article, where the semigroup rank for diverse kinds of groups is analysed. The
semigroup rank of relatively free groups, for any variety of groups, is computed.
For a finitely generated abelian group G, it is proven that GrkS = GrkG + 1 if and
only if G is torsion-free. In general, this is not true. Partial results are obtained in
the nilpotent case. It is also proven that if M is a connected closed surface, then
(pi1(M))rkS = (pi1(M))rkG + 1 if and only if M is orientable.
1 Introduction
Given a semigroup S and X ⊆ S, we denote by X+ the subsemigroup of S generated by X. If S is
a monoid (respectively a group), we denote by X∗ (respectively 〈X〉) the submonoid (respectively
subgroup) of S generated by X. For a group G and a nonempty subset X of G, one has 〈X〉 =
(X ∪X−1)+, where X−1 = {x−1 : x ∈ X}, and hence G is finitely generated as a group if and only
if G is finitely generated as a semigroup. Thus, the expression “finitely generated” does not need
any modifier to be unambiguous.
The semigroup rank of a semigroup S is defined as
SrkS =
{
min {|X| : X ⊆ S and X+ = S} if S is finitely generated
∞ otherwise
Analogously, the monoid rank of a monoid M is defined as
MrkM =
{
min {|X| : X ⊆M and X∗ = M} if M is finitely generated
∞ otherwise
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and the group rank of a group G is defined as
GrkG =
{
min {|X| : X ⊆ G and 〈X〉 = G} if G is finitely generated
∞ otherwise
We shall refer to a semigroup (respectively monoid, group) generating set of minimum size as
a semigroup basis (respectively monoid basis, group basis).
The rank of a semigroup has been widely studied, see for example [7, 5, 6, 3]. Most investiga-
tion on semigroup rank aims at finding the semigroup rank of specific finite semigroups, such as
semigroups of transformations, Rees matrix semigroups, and endomorphism monoids of algebraic
structures. In [6] it is given a general theory that encompasses many results on semigroup rank.
For a monoid and for a group, as mentioned we have different types of ranks, and so it is a natural
question to compare MrkM and MrkS for a monoid M , as well as GrkG, GrkM and GrkS for a
group G. As one may guess, in the finite case this comparison is not of great interested, however the
situation becomes rather complicated when one leaves the finite environment. Studying semigroup
bases, and so the semigroup rank, of a group is certainly an important topic, in particular because
semigroup bases for finitely generated infinite groups arise naturally from semigroup presentations
involved in several subjects of Combinatorial Group Theory, usually related to algorithmic issues.
Well-known instances appear in the theory of automatic groups [4] and in the use of rewriting
systems as a tool [9].
This article is essentially devoted to the comparison of GrkS and GrkG for a group G. We start
by comparing all possible ranks for monoids and for groups in the second section. The difficulty
is in writing the semigroup rank (or monoid rank) of a group in terms of its group rank. Despite
the fact that, in general, the semigroup rank is equal to the group rank or equal to the group rank
plus one, to establish for a given group their equality may prove to be very hard. The subsequent
sections concern groups, for which we analyse both the group and the semigroup ranks. We look
first at relatively free groups, for which we completely determine the semigroup rank. Thereafter,
we consider arbitrary groups with some specificity, namely with/without torsion, abelian, and more
generally nilpotent. We prove that if G is a finitely generated abelian group, then GrkS = GrkG+1
if and only if G is torsion-free. We end with the analysis of surface groups. It is shown that if M is
a connected closed surface, then (pi1(M))rkS = (pi1(M))rkG + 1 if and only if M is orientable.
2 First results
To compare MrkM and MrkS for a monoid M is quite easy. Indeed, if M = X
+, then M \ {1} ⊆
(X \ {1})+, and so 1 belongs to a semigroup basis of M if and only if 1 /∈ (M \ {1})+, when 1 must
indeed belong to any semigroup generating set of M . Therefore we obtain:
Proposition 2.1. Let M be a monoid. Then:
MrkS =
{
MrkM + 1 if M is finitely generated and 1 /∈ (M \ {1})+
MrkM otherwise
We immediately get:
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Corollary 2.2. Let G be a group.Then:
GrkS =
{
GrkM + 1 if G is trivial
GrkM otherwise
By these results, from now on we will only focus on the comparison of GrkS and GrkG for a
group G. Since, as we have noticed before, G is finitely generated as a group if and only it is finitely
generated as a semigroup, GrkS = GrkG if G is not finitely generated. We shall restrict henceforth
our attention to finitely generated groups.
As every semigroup generating set of a group G must also be a group generating set, we get
the inequality
GrkG 6 GrkS.
This inequality will be used throughout the text without further reference.
Proposition 2.3. If {a1, . . . , an} is a group generating set for a group G, then{
a1, . . . , an, a
−1
n · · · a−11
}
is a semigroup generating set for G.
Proof. Let G be a group, and let A = {a1, . . . , an} ⊆ G. Consider the element a = a−1n · · · a−11 .
Since
a−1i = ai+1 · · · an
(
a−1n · · · a−11
)
a1 · · · ai−1 = ai+1 · · · an · a · a1 · · · ai−1
for i = 1, . . . , n, we have 〈A〉 = (A ∪A−1)+ = {a1, . . . , an, a}+, and hence the result follows. 
Proposition 2.3 has the following immediate consequence for the general case.
Corollary 2.4. Let G be a finitely generated group. Then GrkS = GrkG or GrkS = GrkG + 1.
Proof. We have seen that GrkG 6 GrkS . By Proposition 2.3, GrkS 6 GrkG + 1, whence GrkS =
GrkG or GrkS = GrkG + 1. 
This corollary does not say, however, which of the equalities, GrkS = GrkG or GrkS = GrkG+1,
holds for a given group G. We answer this question for various kinds of groups in the next sections.
3 Relatively free groups
Given a variety V of groups and a set A, we denote by FA(V) the (relatively) free group in V
on A. We shall assume, for simplicity, that V is nontrivial and A ⊆ FA(V ). It is well-known that,
given sets A and B, if |A| = |B|, then FA(V) ∼= FB(V). Thus, we follow the standard notation and
denote FA(V), where |A| = n, by Fn(V). The (absolutely) free group (respectively free abelian
group) on A will be denoted simply by FA (respectively FAA), and the free group (respectively free
abelian group) on a set of cardinality n will be denoted by Fn (respectively FAn). In the sequel
we will use the fact that (Fn(V))rkG = n, for every nontrivial variety V of groups and n > 0
(see [13, 13.53]).
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A group presentation is a formal expression of the form Gp〈A | S〉, where A is a set and S is a
subset of FA, the free group on A. The group defined by this presentation is the quotient FA/〈〈S〉〉,
where 〈〈S〉〉 denotes the normal subgroup of FA generated by the subset S.
As usual, we consider the (semi)groups defined by presentations up to isomorphism.
A group G is said to be hopfian if every surjective morphism G → G is necessarily an isomor-
phism.
We aim to determine the semigroup rank of Fn(V) for all varieties V of groups. For this purpose
we start with the following.
Lemma 3.1. Let V be a nontrivial variety of groups and let A be a nonempty finite set such that
FA(V) is hopfian. We have (FA(V))rkS = (FA(V))rkG if and only if FA(V) = A
+.
Proof. Assume that (FA(V))rkS = (FA(V))rkG. Let us denote the free semigroup on the set A
by FSA. Consider the morphism η : FSA → FA(V) such that aη = a for any a ∈ A. Since
(FA(V))rkS = |A|, there exists a surjective morphism µ : FSA → FA(V). It follows that, by the
properties of free groups, there exists a morphism ϕ : FA(V) → FA(V) such that η|Aϕ = µ|A .
Therefore ηϕ = µ, and hence, since µ is surjective, ϕ is also surjective. Then ϕ is an isomorphism
since FA(V) is hopfian. Now, the fact that ϕ is an isomorphism and µ is surjective implies that
η has to be surjective, and hence FA(V) = A
+.
Conversely, suppose that FA(V) = A
+. Then (FA(V))rkS 6 |A|. But we also have |A| =
(FA(V))rkG 6 (FA(V))rkS, whence (FA(V))rkS = (FA(V))rkG. 
Proposition 3.2. Let G be a finitely generated group with GrkG = n. If FAn is a homomorphic
image of G, then GrkS = GrkG + 1 = n+ 1.
Proof. We start by showing that (FAn)rkS = n + 1. Let A be a set such that |A| = n, and
consider FAn = FA(Ab), where Ab denotes the variety of abelian groups. Since (FAn)rkG = n,
by Corollary 2.4 either (FAn)rkS = n or (FAn)rkS = n + 1. Suppose that (FAn)rkS = n. By [13,
32.1 and 41.44], the group FAn is hopfian. Then FAn = A
+, by Lemma 3.1. By the properties of
the free abelian group, there exists a morphism ϕ : FAn → Z such that aϕ = 1, for every a ∈ A.
On the one hand, this morphism is surjective, and, on the other hand, we have (FAn)ϕ = A
+ϕ =
(Aϕ)+ = {1}+ = N, a contradiction. Therefore (FAn)rkS = n+ 1.
Now, assume that there exists a surjective morphism ϕ : G → FAn. Again by Corollary 2.4,
either GrkS = GrkG = n or GrkS = GrkG+1 = n+1. Suppose that GrkS = GrkG. Let B ⊆ G be a
semigroup basis of G. Then Bϕ generates FAn as a semigroup, hence (FAn)rkS 6 |Bϕ| 6 |B| = n,
a contradiction. Therefore GrkS = GrkG + 1 as required. 
In the next theorem, we compare (FA(V))rkS with (FA(V))rkG for an arbitrary variety V of
groups. Recall that, given a variety V of groups, either V satisfies some identity xk = 1, where
k > 1, or V contains the additive group Z. The former are called periodic varieties.
Theorem 3.3. Let V be a nontrivial variety of groups and let n > 1. The following holds:
(i) If V is periodic, then (Fn(V))rkS = (Fn(V))rkG = n;
4
(ii) If Z ∈ V, then (Fn(V))rkS = (Fn(V))rkG + 1 = n+ 1.
Proof. (i) Assume that V is periodic. Let A be a group basis of Fn(V). Then, for each a ∈
A, the element a−1 is a power of a of positive exponent, whence a−1 ∈ A+. It follows that
Fn(V) = 〈A〉 = (A ∪ A−1)+ = A+, and hence (Fn(V))rkS 6 |A| = n. Since we also have
n = (Fn(V))rkG 6 (Fn(V))rkS, we obtain (Fn(V))rkS = (Fn(V))rkG = n.
(ii) Assume that Z ∈ V. Thus the direct power Zn belongs to V. Since FAn ∼= Zn, the group
FAn is a homomorphic image of Fn(V), and so, by Proposition 3.2, (Fn(V))rkS = (Fn(V))rkG+1 =
n+ 1. 
One of the consequences of Theorem 3.3 is the following.
Corollary 3.4. For each n > 1 and any variety V of groups, every group basis of Fn(V) is
contained in some semigroup basis. In particular, every group basis of Fn is contained in some
semigroup basis.
Proof. Let n > 1 and let V be a variety of groups. We saw in the proof of Theorem 3.3 that,
when V is periodic, every group basis of Fn(V) is also a semigroup basis.
In case V contains Z, the conclusion is immediate by Theorem 3.3 and Proposition 2.3. 
Next we present counterexamples for two natural questions concerning groups: does every
semigroup basis contain a group basis? Does every semigroup generating set contain a semigroup
basis? The answer is negative for both. Bear in mind that Z ∼= F1.
Example 3.5. The set {2,−3} is a semigroup basis of Z, but contains no group basis.
Example 3.6. The set {−6, 2, 3} is a semigroup generating set of Z which contains no semigroup
basis.
Finally, we consider decidability.
Proposition 3.7. It is decidable whether or not a given subset of Fn is a semigroup basis.
Proof. Let S ⊆ Fn. In view of Theorem 3.3(ii) applied to Fn, we may assume that |S| = n + 1.
By Benois’ Theorem [2], the language S+ constituted by the reduced forms of words in S+ is an
effectively constructible rational language, as it is Fn. But S is a semigroup basis of Fn if and only
if S+ = Fn, and this equality can be decided since equality is decidable for rational languages [10,
Sec. 3.3]. 
4 Arbitrary groups
Since every semigroup basis of a group G is necessarily a group generating set for G, it follows
that GrkS = GrkG if and only if G admits a group basis which is also a semigroup basis. However
it looks to be too hard to characterize precisely all the instances in which GrkS = GrkG. The
discussion we initiate here, which depends in most cases on the property of being torsion-free or
not, may shed some light on the range of possibilities to tackle this problem.
We start by introducing a sufficient condition to ensure GrkS = GrkG.
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Proposition 4.1. Let G be a finitely generated group. If some group basis of G contains an
element of finite order, then GrkS = GrkG.
Proof. Assume that {a1, . . . , an} is a group basis of G and an has order m > 2. By Proposition 2.3,{
a1, . . . , an, a
−1
n · · · a−11
}
is a semigroup generating set for G. We claim that
S =
{
a1, . . . , an−1, a−1n · · · a−11
}
is a semigroup generating set for G. Indeed,
a−1n = (a
−1
n · · · a−11 )a1 · · · an−1 ∈ S+
and so an = (a
−1
n )
m−1 ∈ S+ too. Then GrkS 6 GrkG. Since also GrkG 6 GrkS, we get equality as
required. 
We immediately get the following generalization of Theorem 3.3(i), as in that case Fn(V) is a
torsion group.
Corollary 4.2. If G is a torsion group, then GrkS = GrkG.
Notice that the finitely generated torsion-free abelian groups are precisely the finitely generated
free abelian groups [11, Chap. 3]. Theorem 3.3 for the variety of abelian groups can be extended
as follows.
Corollary 4.3. Let G be a finitely generated abelian group. Then:
GrkS =
{
GrkG + 1 if G is torsion-free
GrkG otherwise
Proof. We use the structure theorem for finitely generated abelian groups [11, Chap. 3].
If G is torsion-free, then G is a free abelian group of finite rank and the claim follows from
Theorem 3.3(ii).
If G is not torsion-free, then G is a finitary direct product of cyclic groups, where at least one
of the factor groups is finite. But then we can take a group basis composed by generators of the
factor groups, which will include an element of finite order, and apply Proposition 4.1. 
Let G be a group. Given a, b ∈ G, as usual write [a, b] = aba−1b−1, and for A,B ⊆ G,
[A,B] = 〈[a, b] | a ∈ A, b ∈ B〉.
Also, denote the commutator [G,G] of G by G′.
Proposition 4.4. If G is a finitely generated nilpotent group, then GrkG = (G/G
′)rkG.
Proof. Assume that G is as in the statement. It is clear that (G/G′)rkG 6 GrkG and (G/G′)rkS 6
GrkS . The fact that G is finitely generated and nilpotent implies that G
′ is finitely generated
and contained in the Frattini subgroup of G, which means that each element of G′ can be omit-
ted from every set A such that G = 〈A〉 (see [11, Th. 2.2.6 and Sec. 16] and [13, Chap. 3]).
Thus, if a1, . . . , an ∈ G are such that G/G′ = 〈a1G′, . . . , anG′〉, then G = 〈a1, . . . , an〉. Hence
GrkG 6 (G/G′)rkG, and therefore GrkG = (G/G′)rkG. 
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The next result generalizes partially Corollary 4.3.
Corollary 4.5. Let G be a finitely generated nilpotent group such that G/G′ is torsion-free. Then
GrkS = GrkG + 1.
Proof. By Corollary 4.3, the equality (G/G′)rkS = (G/G′)rkG+1 holds, since G/G′ is abelian and
torsion-free. Then, applying Proposition 4.4, GrkS 6 GrkG + 1 = (G/G′)rkG + 1 = (G/G′)rkS 6
GrkS , and so GrkS = GrkG + 1. 
An example presented in [13, 31.42] and attributed to L. G. Kova´cs shows that there exists
a finitely generated nilpotent group G such that G is torsion-free and G/G′ is not. In the next
example we take that group G and see that GrkS = GrkG. Thus the analogue of Corollary 4.3
cannot be generalized for finitely generated nilpotent groups. It remains unanswered the question
of whether GrkS = GrkG for any finitely generated nilpotent group G such that G/G
′ is not
torsion-free.
Example 4.6. Let F be the relatively free group in the variety of nilpotent groups of class at most 2
on two generators a, b. Take the infinite cyclic group D generated by an element d that does not
belong to F . Let G be the free product of F and D amalgamating [a, b] with d2. Then G is a finitely
generated nilpotent torsion-free group and GrkS = GrkG.
Let us prove these facts. Recall, firstly, that a group H being nilpotent of class at most 2 means
that [H ′, H] = {1}, which is equivalent to saying that every commutator [x, y] of elements of H
commutes with every element of H. Secondly, that F ∼= F2/[F ′2, F2] (see [11, Sec. 16.1] and [13,
Chap. 3]). Thus, it follows from basic properties on commutators of elements of a group that
F = Gp〈a, b, c | c[b, a], [a, c], [b, c]〉.
Then
G = Gp〈a, b, c, d | c[b, a], [a, c], [b, c], c−1d2〉,
and hence
G/G′ = Gp〈a, b, d | [a, b], [a, d], [b, d], d2〉.
It follows that G/G′ ∼= Z×Z×Z2, whence (G/G′)rkS = (G/G′)rkG = 3 by Corollary 4.3. The group
G is nilpotent, since F and D are nilpotent, and is obviously finitely generated. Then GrkG = 3 by
Proposition 4.4. Since G = 〈a, b, d〉, by Proposition 2.3 we have G = {a, b, d, a−1b−1d−1}+. How-
ever, inG, from d2 = [a, b] we obtain d = [a, b]d−1 = aba−1b−1d−1, whenceG =
{
a, b, a−1b−1d−1
}+
.
Thus GrkS 6 3. Then 3 = (G/G′)rkG 6 GrkG 6 GrkS 6 3, and therefore GrkG = 3 = GrkS .
Clearly, G is torsion-free and G/G′ has elements of order two.
The next example shows that GrkS = GrkG+1 may hold for groups G which are not torsion-free.
Example 4.7. Let G be the group defined by Gp〈a, b | [a, b]2〉. Then G is not torsion-free and
GrkS = GrkG + 1.
Indeed, by a well-known result of Karrass, Magnus and Solitar (see [12, Proposition II.5.17]),
the one-relator group defined by a presentation Gp〈A | rm〉, where A = {a, b}, r is not a proper
power in FA and m > 2, has elements of order m, namely r. Hence G is not torsion-free.
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On the other hand, by sending a, b to a basis of FA2, we build a surjective morphism ϕ : G→ FA2.
Since FA2rkG = 2, it follows that GrkG = 2 and so GrkS = 3 by Proposition 3.2.
It is natural to ask if when a group G is finitely generated and GrkS = GrkG, any group basis
of G is a semigroup basis. The answer is no, independently of G being torsion-free or not, as the
following example shows.
Example 4.8. (i) Let G = Z × Z2, which is not a torsion-free group. The set {(1, 0), (0, 1)} is
a group basis of G, and hence GrkS = GrkG by Proposition 4.1. However {(1, 0), (0, 1)} is not a
semigroup basis of G.
(ii) Let us take the group G of Example 4.6, which is torsion-free. We saw that GrkS = GrkG
and that the set {a, b, d} is a group basis of G. However {a, b, d} is not a semigroup basis of G.
Proposition 4.9. Let G be the group defined by the presentation Gp〈A | S〉, where each letter of A
occurs in some word of S ∩A+. Then GrkS 6 |A|.
Proof. First, notice that in the statement A+ denotes the subsemigroup of FA generated by A,
i.e. the free semigroup on A. Let ϕ : FA → G be the canonical projection. It suffices to show that
G = (Aϕ)+.
Let a ∈ A. There exist u, v ∈ A∗ such that uav ∈ S, hence (uav)ϕ = 1. Thus
a−1ϕ = (a−1(u−1(uav)u))ϕ = (vu)ϕ = (vu2av)ϕ ∈ (Aϕ)+.
Since FA = (A ∪A−1)+, it follows that G = FAϕ = (Aϕ)+ as required. 
Next we look at some groups that arise naturally in Algebraic Topology. We start by giving an
example of such a group G that is not nilpotent, is torsion-free, and where the equality GrkS = GrkG
holds.
Example 4.10. Let pi1(K) denote the fundamental group of the Klein bottle K. Then pi1(K) is
torsion-free and (pi1(K))rkS = (pi1(K))rkG = 2.
To see this, write G = pi1(K). It is well-known that G can be defined by the presentation
Gp〈a, b | a2b2〉 and is torsion-free noncyclic [1]. Hence GrkS 6 2 by Proposition 4.9. On the other
hand, GrkG = 2 since G is noncyclic. Thus GrkS = GrkG = 2 as claimed.
We conclude with the analysis of our problem in the case of arbitrary surface groups. A surface
group is the fundamental group of a connected closed (i.e. compact without boundary) surface
(see [1, 8] for details).
Theorem 4.11. Let M be a connected closed surface, and let pi1(M) be its fundamental group.
Then
(pi1(M))rkS =
{
(pi1(M))rkG + 1 if M is orientable
(pi1(M))rkG if M is non-orientable
Proof. Write G = pi1(M).
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Assume first that M is orientable (of genus g). From [1] the group G is defined by the presen-
tation
Gp〈a1, b1, . . . , ag, bg | [a1, b1] · · · [ag, bg]〉.
By sending the generators ai, bi to a basis of FA2g, we build a surjective morphism ϕ : G → FA2g.
Since FA2grkG = 2g, it follows that GrkG = 2g, and so GrkS = 2g + 1 by Proposition 3.2.
Next assume that M is non-orientable (of genus g). In this case, G is defined by the presentation
Gp〈a1, . . . , ag | a21 · · · a2g〉.
Let H be the direct product of g copies of the cyclic group C2, which is defined by the presentation
Gp〈a1, . . . , ag | a21, . . . , a2g, [ai, aj ] (1 6 i < j 6 g)〉.
It is straightforward to check that HrkG = g. Considering the canonical surjective morphism
ϕ : G→ H, it follows that GrkG = g. In view of Proposition 4.9, GrkS 6 g. Therefore g = GrkG 6
GrkS 6 g, and so GrkS = GrkG. 
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